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ABSTRACT

A simplified method for the computation of first, second and higher order derivatives of eigenvalues and cigenvectors
derivatives associated with repeated eigenvalues is presented. Adjacent eigenvectors and orthonormal conditions are used to
compose an algebraic equation whose order is (7+n1)x(r+m), where n is the number of coordinates and m is the number of
multiplicity of the repeated eigenvalues. The algebraic equation developed can be used to compute derivatives of both
eigenvalues and eigenvectors simultaneously. Since the coefficient matrix in the proposed algebraic equation is non-singular,
symmetric and based on N-space it is numerically stable and very efficient compared to previous methods. This method can
be consistently applied to structural systems with structural design parameters and mechanical systems with tumped design
parameters. To verify the effectiveness of the proposed method, the finite element model of the cantilever beam is considered.

1. A8

AANE FEES TR AL, ol 2zl
VLol FAHY T2ES 2AY FoF 247} of
Atk =, B3 sl dig siMToRE S
gxz 4AE 2+ Utk 28y dde) P2E
2 TZ7F BRI dEsEn glon, Axo)
U ouhe T FAA d¥o) dA Fod 24
2 ANED ) wfel] T2E] AN g4
& R3] A3l FAgo] 2 Ao NARES B9

1) @Eeed ALABAF, A
2) FERed AT, AR
3) Lt EEF e, wg

4 F=AT|ed EBAF S, 2y

3t Qiok webd F2ES Boh Rdstn ZgHo
2 A7) AsiM e §3 sido] FrAok
TEEY ATS THA A9 &, & 1/
LHEEE TEozA ¢H3] ALY AR &
ENshz SHEF 2l g3 B 4A ¥
Wekd = glov, o] Wik nfAiel 1
9 MR olojyrt. o]FA WF 1fX9} 1f)
Ble TEE9 ¥ A%E MY, ol T2E
¥ T2 FFE v F Yok
AR 9} TREE L] v B Be RololA AL
goh. 7229 nHA e HH3}, 28 3
el Wz, AA Tt uhd AlARe] A 2ddy
T A o] AEHE Hoks wi¢ gtk
53], dibFl F2EL 72 gFEMHeR

B2 FEHE IHA Ee AY FE L{A} o)

o4y o
rir

o

lo

- 721 -



o= A7k EAgth a23M FHE 1HE @
£ Aol nRA e uE ek Ao]
o] A7 o]t}

FEE /A e TEREY AY ZiAg
afdEe UReg ] dME TAHEE 1
& AgebA] 9k 27 9E] (adjacent eigenvector)
2 ARggith 28 a4AV m FE5EHE 3
A Wt gt wet FEEAD mrhe 1HA
7 M2 dE Rz ZERA "ok o] A mol
9 M2 g8 nfAe digshe 1REEES 72
F ok 22y FEE 15AE ZRe i 733
(eigen—subspace) oA = 1ol dFEHE ZHHEE
4 HE7h o2t Qo] B 2
o9 WE7t 2% rhsstA € ol#d 1A E
ARRITRE AL diMe B dodlA HER
DAHE] FXHoR Fert gle HHEE M 2
eSS AR Aol

1976\d¢ll Nelson2 Eolaie} v|Solaje] oz

e nEE 7T £ e ¢nFE AR
ot o] W B&Fo)R AR dxelFo] Hilst

T FRY DRAE 2 ALUY A Ago) ofy

t}. Nelson BH-& 529 A-¢714 &3%t Ojalvo
Hhgo]l 9x, ol HA# Mills—Curren #+3t
Dailey #o] &), o5& Nelson e 71x

g Zolojx gaaFo] HA Hilsioh AT £
AT e FHE LHAE e 19 nigTte
g2 &) gl o Hds whgolrt,

TR VR gl ARSEE ¥oF F shvt
#ztd F2EY A AHEY ZAlslolnh
o] 3¢ xp}l BAH o7 sk, ol TEE
o] MYHHL AFEr}t Bolel wet 1 B F
A A Bk olell mige] 24 uiEgkd] F
8A4o] BZtem Qi ME o8 IRIE Ze H

—

7+ AlAEle) ¢ Adelman® Haftka, Friswell 5
o] AFE 1, ME b IRFAE Ze F4 AA
do] A% Lee et al. (1999 & FFAIT Lee et
al.(2001) o] gt st SE5E TFAE He
74 A\ 2"l mhege] 25 vk Tehs W
AA EAEA @7] "ol ol T Z&FA
Hol Fasict
g2 dTeliEeE F FRE Zte A4 A2H
< 198 RZEE Al AF e 4
& AQstnzt ok an 19 13 UHES
TFeh= e Betel i8] 24 UREE 3t
v WEE AE & A ok olE o &XeE
afge] ik REE P WHzAE 93

9tk
2. Higt 9
21.1% 91
73 AAEe] nfA EAE ohed Zoh
(APM+AC+K)p=0 )
2 s Ta] A WA FEE nHA
HFEE THYER o]Ro]A WA &, & FAH,
#2) BAlE ohew go) vehd £ gl

M®, A% +CO A, +KO, =0 (2
71N, A, =41, 282
D, =841 Ss2 - Bim].
I, & mat @9 #doln
frxlo]ct.
(+DHA el dig 33 23S g3
#o.

s A< mA FHE 1

$nQAM+ O, =1 3
TRHEIR o]Foj7 Y @, o HIHE st
Z3L vy g

- 722 -



Or2ALM+C)D, =1 @

e R o] Folx gL HEg

(orthonormal transformation)ell o2& @ & &o
g BEAgt] 3¢ 5= Qo).

X, =®,_T )
A71M, TE (mxm) ZzHgggolct
T'T=1, 6)

CHYE R olFo A X, £F AF7s 27
& WEHT
XTI (22,M +O)X,,
=T'OL(24,M+C)®, T=T'T=1I,
ZAMER o]l Y X, & Fa) sl
WA AwHgRE T g o} st IgHagyy
TS a7 g8 oeat ge ngx 2AF 47
& ®xa}
MX, A2 +CX A, +KX, =0 (8
o714, 2AHER o]Folx A X 9 A
(nxm) ©]3, A, 9] A5E (mxm)olth
TRA A A®)E AA Aol e med ¥
Bejetd ohgt gk
(M + 2, C+K)X,, +(24,M+C)X, A’
=—(EM'+2,C' +K)X,,
2(9) 9 ¥ OF & F3lw, X, =0, TS o
Pt st ohgw) 2o ARe 18 ZAS

(7

9

vebd 4 9lck

DT =ETA/, (10)

714, D=®T (M’ + ;.mc’ +K)Y®_ I3z
=-®1 (2,,M+C)D,,

H10E 4 AnHgydd TS 78 4 Q7,
ol Aol 27 WEIZ o|2old Y X, & 4
(6)el Sja) 78 4 9k,

BB 22 (D A Mo dE mRe F
Belsel kst 2o

XF(2A,M+O)X,, +XTMX_A!
=-0.5X71(24,M'+C)X,

H@g AADE &4 st d¥gs
Z A vga g
[Aan+ﬂ.mC+K (ZlmM+C)Xm]{ }

XTI (24,M+C) xTMx

[ (AAM'+1,C +K)X,, J
0.5X 1y (24, M'+C)X

LRA el 13} olighe 41D E el
¢ % Yok

avn

Py

(12)

22.2X% ¥ X oIAE
AFA % nHHE 23 wlEe] F2AL o]u] gt
Faoh AdF Ag vigoR FEY 143
e A A AR nfe] 23} v)EE e S
AUe Hog gE Btk olF s 2 uridA
o A 24 4@ PR 2 ANe F o
UlEE A& ARSIt £ o dubgog maae 2

_>:.

!

A ulEE e A8 F N A WS (a,p)
of i@ vl&-g 7atalch AA nhx) 24 H4©68)
A A ()l dis) elEskd 2(9)7) 5w, of

g AA 8 (Bl diske] & 4 o ujEskd o

+3 2ok

(WM +2,C+K)X,, o5 +(22,M +OX Ay op =

~(Frop +G Ay p) X g +(Frr g +G A )X 5

+Fngp + A g + 8 oy o)Xy 42 g Ay sMX

(13)

b2 A 23 A7) e AA ¥ (a)

of thate] wlRatd A(11)o] 1, o]8 HA W

(B)el dhate] & W o v)Espd o239 gt

- 723 -



XnQAM +O)X o5 + XOMX A s =
~X1aG X + Xn(Gp +2MA, )X,
+ X0 (G +2MA L )X s
+05X0 (G s +2M 4 A 5 +2M pA g Xy

(14)
4714, 2t go) SJulshe wRe thet 2.

o]

w =[2M+ 4 C+K]
ma =AM ;4 +1,C , +K ]

S"!'Ill o]

ap =AM 5+ AnC oo + K 5]
m = [24,M +C]
ma = [2’1mM,a + C,a]

on M Q

myap =124nM 5 +C 4]

AA)F HAHE FA shte] d¥di
4 2 Hestd g3 ok

BM+2,C+K 24, M+C)X,, |[Xmap
X7 (24,M +C) XTMX,, A

Frop *G A )Xz + (Frg +G A )X, 5

m,af

+(Frrap +Gmya A g +G o pA o)Xy +2A2 AL S MX

= X7 oG X s +XN(Cp p +2MA )X, 4

ma~¥m™tm,

+ X7 (G g +2MA L, )X, 5
+0.5x1,(c::m‘,,ﬂ +2M A, 5 +2M gA L )X,
(15)
AA5)7F F5E a/AE Ze T AAge 1
29 nHAE] 23 vg FEe Aol 14
PlEE Tahs A HlREd, e Ae e
Rk ki euk gebdch AQkAe) g v
a8 12k vlRe] Hedtk 2g B 5= Qivk F, 4
(12)E€ 3 1749 1x v@E 78 F 4015)
€ ol838) 22t vl ghs 73 4 ke Aotk
A8 vl 2 nhA Bl Fret 249 34
RS shte] Ao s gxd uad
o] 3ak HE-& T 4 3, 2 ol 1A} uEA
eiME 22 e s 88 4= gl

HEd 2 Qe F%d

DRAE #E B Axge) 14 28 W wa

MYEE sk Aom FAld TE 4+ Yt
PLAFL  AVSHATL ke BRE Holn)
DHAL DAY olEg T AN Y

e ARvke de 7 ittt g1 Alg BYo)
AHAHE AU Qo FXFH YL BAj)
=€ ‘N-space’o] AT d4e AXgL 0|tk

. =X OIlA|

Ak wge] ZEAT H84E AFE sk
F2 JAE FYsAct FHEY THAE 2 AL
H oAy FAE g
(cantilever beam) 9} #3245 go|c},

A O9eg e a3 31 3 e guns
A8 BAh o] AAHE 21 Y BHL AT A
A2 4 AFEG-89, z—H9), y-zhd9), 73
HE 7ok &4 AfE 2.10x10" N/mPolx, 3
# Wi 7.85x10° kg/m’oltt. 9@y o) Holg} =
< 2% 0.1 mZ FYsha, Zdole 10molh

T4 FEL g Zo| A WYy AP
4o o7 A5 Rayleigh damping &
Z 7Pg%ith

C=aK + M (16)
o714, a 2t B = Rayleigh coefficients 2 ztzt
0.0001 & A=Hslic),
AA MEEE QR wo] w2 WA

L=10m

w=0.1 m
Material propoerties
Young’s modulus: E=2.10x10"!

System data

Number of nodes: 21

- 724 -



Number of elements: 20 Mass density: p=7.85x10°

kg/m®
Number of DOF: 80 a = [=0.0001
3% 31 ALY 9e e 9un

ALRE RA S E At W) 9% mgs
4 23 d¥E ® 3.1, ¥ 3.29 Y E
310X Al Alagle mRA Y R 1, 23}
vEgE Jeldod, ¥3.20ME QA W49
SR Q3] vl AIAELS 3] ML B e
ZFAG AR whEe]l wAE sSfAe BE 7
IR AR aElm 2 AR exE
tehigich

319 F WA Lol mokAly R WA,
A I/A7E M2 daBad ¥eEg Jepd
ol Al MA, Wl WA TR} $Y9F e 7
AAZ ALGF FARY o

RHn

fjo

2 % gk ol & s
e gBRE FRE 1G4 2 24
A2AE SRIT 5 Yok 2 A WA Lol

HopAls 59 afAel sgEs 14 o2 &
Shbs 0o 7HtE, YeAe 2% gges Nz
dEe ¢ 5 Utk v gl 23 wuzgs
HNE FAE H nAY 23 nRpe
vehdigict

E3.29 F AR A7 A WA el MA WS

wE Aw=001weH WSAZE o wh A2%e
DRAE UehiT ok 97T e HeNe
BE) 98 A WS wme s ww
ANzgel AR AR THA olkghe AHgstol
To nHA 2ARE A2 F owA dut A s
Qo UehhQs: AA Wz AlgwE sjzue)
Z(w)o] WPOE A FHY AAAL gBue)
W] o ol YAAFE olFA weow s
HE e DAL P He AE & 4 Yck
S F 9L ub AlaRe) AA neds s

He B T niHH B exE
UERE ok 2AgkEol 493 ZA5S 4B
AL, ols 2 AL el FEE LRAZ @
A AAEY A ol F2 Bol&
AE + Urk

e 4

=l

i1
tjo

E 3.1 ¥l AARY naxg 2a4RY 1,23 URE

Made First deri Second d
number Higerwaluos of eige of eige

-1.42790-03 -2.805%.-10 43916009

h2 £5 249604001 F3.5347-10i 4] 0285¢-08i
-1.42796-03 -2.2756¢.02 -2.7553¢-01

e £5.24966400i £5.2494e401i F6.1102¢.02i
-5.4154e.02 -6.6265¢-10 1.0084¢-08

>8 £3.2895¢+01i 423445101 F2.49180-09
-5.4154¢.02 -1.0818¢+00 -1.0806e+0}

»e 43.2895¢+01i 43288604021 F26913+00i
4240901 69247010 -1.0391e-08

%10 49 2090e+401i F6.96000-10i £1.15140-08i
4240901 -8.4753¢+00 -8.4535¢+01

112 4920006401 49.2029¢+02i F1.8358+01i

X 3.2 vHd Al2Rle) ;AR g} mRYEle) AL e

TAMEES) @3t
Mede Approximated Erter of sppreximation
Eigewralues
Aumber B, Ek
-1.4279¢-03 -14279¢-03
L2 2228311 3.73760-05
+5.2496¢+001 £5 249664001
-1.45560-03 -1.4555-03
3,4 26622008 1.0000¢-04
£53021e+001 530214004
-5.41540-02 -3.41540-02
56 3.689%-12 3.7376e-05
+3.2895¢+01i 43289504011
-3.52416-02 -5.5236e-02
7.8 1.6763¢.07 1.0001e-04
23 32240+01i 43 320404011
-4.2409¢-01 -4.2409¢-01
9,10 9.1432-12 3737603
920906401} 9 200064011
-43261e-01 -4.3256¢-01
1,12 46508007 1.0002¢-04
9 3010e+01i 9301064011
4. 8 &

€ A7 FRE DHAE e el AaE
g afAs nfdE e UREE Fa7) 9% dis

- 725 -



A WS ARKGeH, A dAE Fu AL

e B89 A S ATt B 479 2

He g3 gol B F Utk
AN, $HHoT H¥E YnFYRAe Fe) 5
B nAAE Ze 2 Aa9e asAsh L4

El9] ol gle) At e 78 F UA IA

=4, & 479 Ad HEE #gs] 19 1

fFe e 23 A2EE T £ UA Hol A4 W

2 Hgz s vk Alxde] maae ZAkElekE

b o F&e 49 £ 5 A =990k 38n
U WS ARgste] na UREAA S$3E 5+ 9

A =AUt

A, B AT A} WPE ‘N-space’d ®lgS

T WHold, 58 IS e 7 AA"9
A2 A BHo| diFolmg A AlZF D A

Bl glof w9 A& ot

2 0l

B aTE AT Qv § dw
AFA] 718 ol ge F22el YA} o dg
a7 Ader Fuy o Ay Ao
A=A,

(1]

{21

(3

(4]

(5]

[6]

-726 -

dI=2H

W. C. Mills—Curran, “Calculation of Derivatives
for Structures with Repeat Eigenvalues,” AIAA
Journal, 26, 867—871 (1988).

R. L. Dailey.
Repeated Eigenvalues,”
486—-491 (1989).

W. Zhong and G. Cheng,

Sensitivity Analysis of Multimodal Eigenvalues

“Eigenvector Derivatives with
AIAA Journal, 27,
“Second—order
and Related Optimization Techniques,” Journal
of Structural Mechanics, 14, 421436 (1986).

I. W. Lee and D. O. Kim, “Natural Frequency
and Mode Shape Sensitivities of Damped
Systems: Part 1I, Multipte Natural
Frequencies,” Journal of Sound and Vibration,
223, 413-424 (1999).

M L
Higher Order Eigenvector Derivatives,” Journal
of Guidance, Control and Dynamics, 18, 919—
921 (1995).

371, 74 AfAERe 2E9
UHE, « AAlerY =1, =EEsyied (2001).

Friswell, “Calculation of Second and

NP B



